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The theoretical curve of Cheng’s shock-layer theory pre-
sented in Fig. 3 has been deduced from the heat transfer co-
efficient C'y of Rel. 5 (refer to Fig. 6 of Ref. 5) for Pr = 0.71,
e = 0.13, and T,/Ty— 0. In converting K? to Rer, Fig. 1
has been used. The small differences in 7.,/7T, and e between
the experimental and theoretical data are not believed to
affect significantly the quantities presented in the correlation.
The data presented for comparison encompass both the regime
where vorticity interaction dominates (Rer > 500) and the
regime where the transport effects immediately behind the
shock are important, Rer > 500. Although the experimental
data appear to rise somewhat above Cheng’s values, especially
in the higher Reynolds number range, the comparison in Fig. 3
indicates a general agreement between experiment and the
shock-layer theory to a degree consistent with the approxima-
tion of the theory. Also included in Fig. 3 are two theoretical
curves of Ferri et al. (4,7).

A somewhat similar comparison has been given recently by
Ferri, Zakkay, and Ting (9), covering mainly the higher
Reynolds number regime (Rer 2 500). There, the agreement
between the heat transfer measurement and the prediction
based on the shock-layer theory of Ref. 5 seems to be even
better.”
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" The apparent improvement in the agreement between experi-
ment and the shock-layer theory reported in Ref. 9 results pri-
marily from using the Fay and Riddell formula for @zr instead of
the value obtained from the shock-layer analysis. Since the
theoretical values of heat transfer rate are given in Ref. 5 as a
leading approximation for small ¢, the quantity (Q — Qz1)/@BL
based on this theory is valid (to the leading approximation) only
if Qpr is also taken from the leading approximation for small e.
Using Fay and Riddell’s formula for @zz would result in mislead-
ing values of (Q — Q&1)/Q5L. :

Optimum Thrust Programming of
Electrically Powered Rocket Vehicles
for Earth Escape
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Nomenclature
a = thrust per unit mass of vehicle
m = mass of propellant expended at time ¢
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M, = initial mass of vehicle plus propellant
P = jet power
r = radius measured from center of earth
s = distance measured along flight path
U = gravitational potential, U = u/r
V = velocity of vehicle
a = (AU /dst)ve
r = constant of gravitational field
¢ = flight path angle measured from local horizontal
Subscripts
0 = initial valueat¢ =0
T = finalvalueatt =T

PTIMUM thrust programming of electrically powered
rockets under the conditions of constant jet power and
tangential thrust was discussed in Ref. 1. Assuming the
gradient along the flight path of the gravitational force per
unit mass to be constant, thrust programs were derived yield-
ing minimum propellant utilization for the two particular
cases of specified change in velocity with range arbitrary and
specified range with change of velocity arbitrary. A practical
problem that is actually a combination of these two cases is
that of escape from a satellite orbit with a minimum ex-
penditure of propellant. Here, neither the change in velocity
nor the range is specified, but a functional relationship exists
between these two quantities.
If the nomenclature of Ref. 1 is used, the equations of
motion are

V=a+ (dU/ds) 1]
s=V [2]

where U, the gravitational potential, is assumed to be a func-
tion of s only. The propellant mass is uniquely determined
by the function

Y = 2P/(My — m) {3]
where
Y =a [4]

At the specified time of burnout, T, the relationship between
the velocity and the distance is given by

Ve2/2) = Ur =0 [56]

Upon applying the formal methods of the calculus of
variations to the problem of determining a(f) for which ¥ is
stationary under the restrictions imposed by Egs. [1, 2; and 4],
the differential equation

i = (d*U/ds%a [6]
is obtained, together with the condition
—arbVr + dardsyr = 0 (7]
at time T (1).2 From Eq. [5]
V6Vy — (dU/ds) sy = 0 (8]

The combination of Egs. {7] and [8] yields

ar _ (dUIffs)T (0]

ar

In order to obtain analytical solutions of Eq. [6], it is con-
venient to assume that d2U/ds?, the gradient of the tangential
component of gravitational force per unit mass, 1s constant.

The solution of Eq. [6] for which a = ggat ¢ = 0 and Eq. [9]
is satisfied at ¢ = T is then

coshaT (1 — Ly _ KsinhaT {1 — :
@ _ T 7 o
a coshaT — K sinhaT N

2 Numbers in parentheses indicate References at end of paper.
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Fig. 1 Optimum thrust acceleration programs for escape from
satellite orbit

where

(dU/ds)r

1
E=1
a Vr

(11]

For the case where Vr is specified and s is arbitrary, ar
= 0 (1) and, as indicated by Egs. [9] and [11], K = 0; with
st specified and V' arbitrary, on the other hand, ar = 0 (1)
and K = ». For the problem of earth-escape, representative
values of K can be obtained by assuming that, as a first ap-
proximation, a is constant and equal to a, along the entire
trajectory. Under this assumption the low thrust rocket
trajectory data of Ref. 2 can be used directly, giving
¢r = 39° at the instant when the vehicle velocity is equal to
the local parabolic velocity. At burnout, therefore,

(dU/ds)r = —(u/rr?) sin 39° {12]
whereas the burnout f/elocity is given by
Ve = @u/re)*? (13]

The initial tangential component of gravitational force per
unit mass is 2ay, whereas at burnout this component is
approximately ay (2). The range As is approximately V, T'/2,
and Voissimply (¢/70)V2.  From the definition of a, therefore,

2~ ﬂ ~ 2;"0
T As T (w/meT 4]
Finally, from Ref. 2
T = Vo/ao = (1/as)(u/ro)*'? (15]
and
ro o 1/2
e [wm] ol

The combinaﬁo_n of Eqgs. {11-16] results in
‘ 0.31

—ao—”-‘* [17]
<M/7'02)

where the quantity in parentheses in the denominator of the
right-hand side represents the ratio of thrust to weight in the
Jinitial satellite orbit. The value of T is obtained by com-
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bining Eqgs. {14] and [15], giving T = (2)}/2 regardless of the
initial thrust-to-weight ratio.

Eq. [10] has been plotted in Fig. 1 for aT = (2)V/2 and for
values of aere?/u varying from 107540 107, The correspond-
ing values of K were obtained from Eq. [17]. Also shown in
Fig. 1 are curves of a(?) for K = Qand for K = ». It can be
seen that, with initial thrust-to-weight ratios of 103 and
1074, thrust programs for escape with minimum propellant
utilization approach the optimum thrust program for specified
range and arbitrary final velocity (K = «). With larger
initial thrust-to-weight ratios, however, optimum thrust pro-
grams for escape tend toward the optimum curve for specified
final velocity and arbitrary range (K = 0). Regardless of the
initial thrust-to-weight ratio, the departure of the optimum
earth-escape thrust program from that of constant thrust per
unit mass is considerable.
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Electrical Discharge Across a Supersonic
Jet of Plasma in Transverse Magnetic

Field'
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Observations have been made of the discharge be-
tween two electrodes placed across a supersonic
stream of ionized gas. A magnetic field transverse
to both the flow direction and the electrode axes was
applied. In this note, visual observations of the be-
havior of the discharge with and without magnetic
fields will be desecribed, and qualitative explanations
of the observed phenomena will be proposed.

TIHE experiments described were performed with water-

cooled copper electrodes in contact with the cooler outer
sheath of a free jet of argon plasma produced by a commercial
arcjet (Plasmadyne M-4). Argon gas at a flow rate of 1.36 X
10~ kg/sec was heated to an average stagnation enthalpy of
the order of 8 X 10%j/kg. The plasma entered the region be-
tween the electrodes at a velocity of approximately 8 X 104
m/sec and a Mach number of approximately 2.5. The elec-
trode cross-sectional area was 6.45 X 10~¢ m2, and the elec-
trode gap (i.e., the separation between the two electrode sur®
faces) was 3.8 X 1072 m. Further details of the apparatus '
are given elsewhere (1-3).4
The contact of the electrodes with the plasma stream at the
operating pressures of from 2 to 4 mm Hg generated weak,
oblique shock patterns that were faintly but distinctly visible
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